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DIFFERENTIAL GEOMETRY OF MODULI SPACES OF QUIVER
BUNDLES
INDRANIL BISWAS AND GEORG SCHUMACHER
Abstract. Let P be a parabolic subgroup of a semisimple affine algebraic group G defined
over C and X a compact Ka¨hler manifold. L. A´lvarez-Co´nsul and O. Garc´ıa-Prada associated
to these a quiver Q and representations of Q into holomorphic vector bundles on X ([A-G03a],
[A-G03b]). Our aim here is to investigate the differential geometric properties of the moduli
spaces of representations of Q into vector bundles on X. In particular, we construct a Hermitian
form on these moduli spaces. A fiber integral formula is proved for this Hermitian form; this
fiber integral formula implies that the Hermitian form is Ka¨hler. We compute the curvature of
this Ka¨hler form. Under an assumption which says that X is a complex projective manifold,
this Ka¨hler form is realized as the curvature of a certain determinant line bundle equipped with
a Quillen metric.
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1. Introduction
Fix a semisimple affine algebraic group G defined over C and a proper parabolic subgroup
P ⊂ G. L. A´lvarez-Co´nsul and O. Garc´ıa-Prada constructed a quiver Q with relations and
established an equivalence of categories between the following two:
(1) holomorphic finite dimensional representations of P ;
(2) finite dimensional representations of Q
(see [A-G03a]). Let X a compact connected Ka¨hler manifold equipped with a Ka¨hler form.
In [A-G03a], the authors proved the following more general result: There is an equivalence of
categories between the following two:
(1) G–equivariant holomorphic vector bundles on X × (G/P );
(2) representations of Q into holomorphic vector bundles on X.
The representations of Q into holomorphic vector bundles on X are called quiver bundles on
X. The notion of stability of vector bundles on X extends to quiver bundles on X. It is known
that polystable quiver bundles carry a generalization of the Hermite-Einstein metrics [A-G03a],
[A-G03b] that are solutions of certain equations of vortex type.
Given a holomorphic family of stable quiver bundles onX parameterized by a complex analytic
space T , we construct a Hermitian structure on T ; see Definition 3.1. This construction entails
building the deformations of quiver bundles (this is carried out in Section 3.2) and relating the
curvature of a generalized Hermite-Einstein metric to deformations (this is carried out in Section
3.3).
One of the main results here is a fiber integral formula for the above mentioned Hermitian
structure on T ; see Proposition 4.1 and Proposition 4.2. As a corollary we obtain that the
Hermitian structure is Ka¨hler (Corollary 4.1).
Another main result is a computation of this Ka¨hler form on the moduli space of stable quiver
bundles; this is carried out in Theorem 6.1.
Now assume that X is a complex projective manifold and the Ka¨hler form on it is integral.
We construct a holomorphic Hermitian line bundle on the moduli space of stable quiver bundles
with the property that the corresponding Chern form coincides with the Ka¨hler form on the
moduli space; see Theorem 5.2. The construction of this holomorphic Hermitian line bundle is
modeled on the works Quillen, [Qu-85], and Bismut–Gillet–Soule´ [B-G-S88].
2. Quiver bundles – Notation and fundamental properties
2.1. Representations of quivers. We follow the notation of [A-G03a]. Two sets Q0 and Q1
together with two maps h, t : Q1 −→ Q0 give rise to a directed graph or quiver. The elements
of Q0 are called vertices, and the elements of Q1 are called arrows. For a ∈ Q1 the vertices
ha := h(a) and ta := t(a) are called head of a and tail of a respectively. For an arrow a there is
DIFFERENTIAL GEOMETRY OF MODULI SPACES OF QUIVER BUNDLES 3
the notation a : v → v′, where v = ta and v′ = ha. At this point the set of vertices Q0 is not
assumed to be finite. However the quiver Q := (Q0, Q1) will have to be locally finite meaning
for any vertex v ∈ Q0 the sets h−1(v) and t−1(v) are assumed to be finite. A (non-trivial) path
in Q is a sequence p = a0 · · · am of arrows aj ∈ Q1 such that tai−1 = hai for i = 1, . . . ,m:
p :
tp• am−→ • am−1−→ · · · a0−→ hp• . (2.1)
The vertices tp = tam and hp = ha0 are respectively called tail and head of the path p. By
definition, the trivial path ev at v ∈ Q0 is equal to ev : v → v in the above alternative notation.
A formal, finite sum
r = c1p1 + . . .+ cℓpℓ
of paths pj with complex coefficients is called a (complex) relation of a quiver. A quiver with
relations is a pair (Q,K), where Q is a quiver with K being a set of relations.
A linear representation R = (V,ϕ) of a quiver Q is given by a collection V of complex vector
spaces Vv for all vertices v ∈ Q0 together with a collection ϕ of linear maps ϕa : Vta → Vha for
all a ∈ Q1. For all but finitely many vertices v the spaces Vv are required to be zero. Morphisms
f : R→ R between representations R = (V,ϕ) and R′ = (V′,ϕ′) by definition consist of linear
maps fv : Vv → V ′v for all v ∈ Q0 such that ϕa ◦ fta = fha ◦ ϕa. Given a representation
R = (V,ϕ), any non-trivial path p in the sense of (2.1) induces a linear map
ϕ(p) := ϕa0 ◦ · · · ◦ ϕam : Vtp → Vhp.
The linear map ϕ(ev) that is induced by the trivial path at a vertex v is by definition the identity
id : Vv → Vv.
A linear representation R = (V,ϕ) is said to satisfy a relation r = c1p1 + . . . cℓpℓ, if
c1ϕ(p1) + . . .+ cℓϕ(pℓ) = 0.
For any set K of relations of a quiver Q a (Q,K)-module is a linear representation of Q that
satisfies all relations from K.
2.2. P -modules and quiver representations. Let G be a connected semisimple affine alge-
braic group defined over the complex numbers. Let P be a proper parabolic subgroup of G. In
[A-G03a, p. 8, Section 1.3], a quiver Q with relations K is constructed from P . We will adopt
the notation of [A-G03a, Section 1.3]. The reader is referred to [A-G03a, Section 1.3] for the
details.
In [A-G03a, pp. 8–9, Theorem 1.4] the following equivalence of categories is proved:{
finite dimensional holomorphic
representations of P
}
←→
{
finite dimensional representations
of Q satisfying relations in K
}
.
2.3. Holomorphic quiver bundles and sheaves. We assume that Q is a locally finite quiver.
In a natural way the notion of linear representations of quivers extends to the notion of Q-sheaves
on complex manifolds.
Definition 2.1. A Q-sheaf R = (E , φ) on a compact complex manifold X consists of a collection
E of coherent sheaves {Ev}v∈Q0 together with a collection φ = {φa}a∈Q1 of morphisms φa : Eta →
Eha such that Ev = 0 for all but finitely many v ∈ Q0.
Given a Q-sheaf R = (E , φ) on X every path p induces a morphism of sheaves: Let p =
a0 · · · am, then
φp := φa0 ◦ · · · ◦ φam : Etp → Ehp.
The trivial path ev at a vertex v induces the identity φv = id : Ev → Ev.
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A Q-sheaf R = (E , φ) satisfies a relation
r = c1p1 + · · ·+ cℓpℓ
if c1φ(p1) + · · · + cℓφ(pℓ) = 0. It is understood that for all paths in a relation have a common
initial point and a common end point. Given a set of relations K, a Q-sheaf with relations K or
a (Q,K)-sheaf is defined like in the absolute case. Also the notion of morphisms of Q-sheaves
is carried over from the absolute case. If all sheaves Ev are locally free, a Q-sheaf is called a
holomorphic Q−bundle.
It can be seen immediately that the category of (Q,K)-sheaves is abelian.
2.4. Correspondence between equivariant sheaves, equivariant filtrations, and quiver
sheaves. In the absolute case, where X is a point, it is known (cf. [A-G03a, Corollary 1.19])
that a holomorphic, homogeneous vector bundle F on G/P admits a filtration of holomorphic,
homogeneous subbundles: Given an irreducible representation Mλ of P corresponding to an
integral dominant weight λ ∈ Λ+P , then
Oλ := G×P Mλ
is the induced irreducible holomorphic homogeneous vector bundle on G/P . The filtration of F
is of the form
F : 0 →֒ F0 →֒ F1 →֒ . . . →֒ Fm = F (2.2)
Fj/Fs−1 ≃ Vλj ⊗Oλj for s = 1, . . . ,m
for some dominant integral weights λj with λ0 < λ1 < . . . < λm with Vλ determined by F .
Now let M = X × (G/P ) as above and F a coherent G-equivariant sheaf on M . The a
filtration
F : 0 →֒ F0 →֒ F1 →֒ . . . →֒ Fm = F (2.3)
by coherent G-equivariant subsheaves is called a sheaf filtration. In an analogous way filtrations
for holomorphic vector bundles in terms of subbundles are defined. These are called holomorphic
filtrations.
Theorem 2.1 (A´lvarez-Consul, Garc´ıa-Prada [A-G03a, Theorem 2.5]). There is an equivalence
of categories {
coherent G-equivariant
sheaves on X × (G/P )
}
←→ {(Q,K)-sheaves} .
The holomorphic G-equivariant vector bundles on X × (G/P ) and the holomorphic (Q,K)-
bundles on X are in correspondence by this equivalence.
2.5. Invariant holomorphic structures on G-manifolds. We consider the compact complex
manifold M = X × (G/P ), and the maximal compact subgroup K ⊂ G such that K/J −→
(G/P ) is a diffeomorphism, where J = K ∩Q. The compact Ka¨hler manifold Y = G/P ≃ K/J
will be equipped with a K-invariant Ka¨hler form ωY .
Let F be a smooth K-equivariant complex vector bundle on M . The group G is considered
a complexification of K which ensures that K-actions on F lift in a unique way to G-actions
implying that F carries the structure of a G-equivariant bundle on the G-manifold M . Like
in the classical case complex structures can be described. Let D be the space of Dolbeault
operators (also denoted by ∂-operators in the literature) on F , on which the group G acts by
γ(∂F ) = γ ◦ ∂F ◦ γ−1
(for γ ∈ G and ∂F ∈ D). This action leaves invariant the space C of integrable Dolbeault
operators. The group G acts by conjugation on the complexified gauge group GC = A0(Aut(F ))
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of F – the fixed points of the action correspond in a unique way to the holomorphic structures
on F such that the action of G is holomorphic.
Let E be a holomorphic P -equivariant vector bundle on X; the underlying complex J-
equivariant vector bundle is denoted by E. We denote by F the induced G-equivariant holomor-
phic vector bundle G×P E on X×(G/P ). The underlying complex vector bundle is F = K×JE
on the same base with respect to the differentiable structure given by
X × (J/K) ≃ X × (G/P ) .
Concerning the underlying real structure, given an irreducible representation Mλ of J corre-
sponding to an integral dominant weight λ, the induced irreducible smooth homogeneous vector
bundle on K/J is Hλ = K ×J Mλ. The Dolbeault operator corresponding to the holomorphic
structure Oλ is denoted by ∂Hλ . The maps p : X × K/J → X and q : X × K/J → K/J
denote the canonical projections.
Lemma 2.1 ([A-G03a, Lemma 3.1]). Every smooth K-equivariant complex vector bundle F on
X ×K/J can be equivariantly decomposed, uniquely up to isomorphism, as
F ≃ ⊕λ∈Q′
0
Fλ , Fλ := p
∗Eλ ⊗ q∗Hλ, (2.4)
for some finite collection E of smooth complex vector bundles Eλ on X, with trivial K-action,
where Q′0 ⊂ Q0 is the set of vertices with Eλ 6= 0, which is known to be finite.
As in [A-G03a, p. 26, Notation 3.2.2], we take a basis
{ηa; a ∈ Q0, ta = λ, ha = µ}
of A0,1(Hom(Hλ,Hµ))K . The reader is referred to [A-G03a, p. 26, Lemma 3.3] and [A-G03a,
p. 26, Notation 3.2.2].
In order to define the Dolbeault operators, we refer to the following notation. We invoke the
situation of Lemma 2.1. Again D stands for the space of all Dolbeault operators on F and C is
the subspace of integrable such operators. Let Q′ = (Q′0, Q
′
1) be the full sub-quiver of Q, whose
vertices λ are defined by the condition Eλ 6= 0, and whose arrows a by definition satisfy Eta 6= 0
and Eha 6= 0.
For λ ∈ Q′0 there is a complex gauge group GCλ of Eλ and
GC =
∏
λ∈Q′
0
GCλ ,
which acts on the space D′, and on the representation space R(Q′,E), being defined by
D′ =
∏
λ∈Q′
0
Dλ, R(Q′,E) =
⊕
a∈Q′
1
Ω0(Hom(Eta, Eha)).
As the above elements of gauge groups decompose in the above way, they act by conjugation on
both the Dolbeault operators from D′ and homomorphisms from R(Q′,E) thus amounting to
an action of GC on D′ ×R(Q′,E). The integrability condition
∂
2
= 0
on a Dolbeault operator ∂ determines an invariant subspace N = {(∂E ,φ)}, where the operators
∂E define a complex structure on E, and where the φa are holomorphic. Furthermore the
resulting Q-bundle R = (E , φ) is supposed to satisfy the relations from K.
Like in the classical situation there is a correspondence of connections on the “real bundles”
and Dolbeault operators on the complexified bundle. These contain the set of holomorphic
structures. We will need a precise description.
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Proposition 2.1 ([A-G03a, Proposition 3.4]).
(a) There is a one-to-one correspondence between DG and D′ × R(Q′,E) which, to any
(∂E , φ) ∈ R(Q′, E) associates, the Dolbeault operator ∂F ∈ DG given by
∂F =
∑
λ∈Q′
0
∂Fλ ◦ πλ +
∑
a∈Q′
1
βa ◦ πta , (2.5)
where πλ is the projection of F to Fλ in (2.4) and ∂Fλ = p
∗∂Eλ ⊗ id + id ⊗ ∂Hλ for
λ ∈ Q′0, while
βa := p
∗φa ⊗ q∗ηa ∈ A(0,1)(Hom(Fta, Fha))
for a ∈ Q′1.
(b) The previous correspondence restricts to a one-to-one correspondence between CG and
N .
(c) There is a one-to-one correspondence between (GC)G and G′C which, to any g ∈ G′C
associates g =
∑
λ∈Q′
0
g˜λ ◦ πλ ∈ (GC)G and G′C, with g˜λ = p∗gλ ∈ Ω0(Aut(p∗Eλ)).
(d) These correspondences are compatible with the actions of the groups of (c) on the sets of
(a) and (b), hence there is a one-to-one correspondence between CG/(GC)G and N/G′C.
2.6. Stability, generalized quiver vortex equations, and Donaldson-Uhlenbeck-Yau
correspondence. Again G denotes a complex connected semisimple affine algebraic group with
K ⊂ G being a maximal compact subgroup. We assume that G acts on a (compact) Ka¨hler
manifold (M,ω) such that K fixes the Ka¨hler form ω.
Let F be a locally free G-equivariant sheaf on M and a filtration of the form (2.3) be given,
and let h be a hermitian metric on F . Denote by Fh the curvature form of h and by Λ the adjoint
of the homomorphism given by wedge product with ω. Then the generalized Hermite-Einstein
condition (or deformed Hermite-Einstein condition) reads
√−1ΛFh =

τ0I0
τ1I1
. . .
τmIm
 (2.6)
where the blocks of the matrix correspond to the filtration (2.3), and where the real numbers
τj are subject to one condition that is determined by the filtration and the Ka¨hler form. More
precisely, taking traces in (2.6) and integrating over M yields
m∑
j=0
τjrk(Fj/Fj−1) = deg(F). (2.7)
The condition (2.6) is called τ -Hermite-Einstein condition with τ = (τ0, . . . , τm). The group K
acts on the space of hermitian metrics as follows: If γ ∈ K and h˜ is a hermitian metric, then
γ ·h˜ = (γ−1)∗h˜. We will be interested in K-invariant Hermite-Einstein metrics for a holomorphic
filtration.
There exists the corresponding notion of (semi)stability for equivariant holomorphic filtra-
tions.
Definition 2.2. Let σ = (σ0, . . . , σm−1) ∈ Rm, and let F be a G-equivariant holomorphic
filtration. The σ-degree and σ-slope are defined by
degσ(F) = deg(F) +
m−1∑
j=0
σjrk(Fj), µσ(F) = degσ(F)
rk(F) .
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The G-equivariant filtration F is called σ-stable (respectively, σ-semistable) if for all G-
invariant proper sheaf subfiltrations F ′ →֒ F the σ-slopes satisfy µσ(F ′) < µσ(F) (respectively,
µσ(F ′) ≤ µσ(F)). Note that a subfiltration by coherent sheaves is given by a coherent G-
equivariant subsheaf F ′, which generates a filtration by cutting down the given one. A σ-
polystable filtration is by definition the direct sum of (G-equivariant) σ-stable filtrations, which
have the same slope σ.
The numbers σj and τj will be related by
σj = τj+1 − τj, and σj > 0 for j = 0, . . . ,m− 1. (2.8)
Theorem 2.2 ([A-G03a, Theorem 4.7]). Let F be a G-equivariant holomorphic filtration on
a compact Ka¨hler K-manifold M . Let τ and σ satisfy (2.7), and (2.8). Then F admits a
K-invariant τ -Hermite-Einstein metric, if and only if it is σ-polystable (in the G-equivariant
sense).
The Kobayashi-Hitchin correspondence for equivariant filtrations, together with the Hermite-
Einstein equation (2.6) transfers to the holomorphic quiver bundle as follows. Note that M =
X × G/P carries the Ka¨hler form induced by the Ka¨hler form ωX on X and the K-invariant
Ka¨hler form ωY on G/P .
Theorem 2.3 ([A-G03a, Theorem 4.13]). Let F be a G-equivariant holomorphic vector bundle
on X ×G/P with associated filtration F , and let R = (E , φ) be its corresponding holomorphic
(Q,K)-bundle on X, where (Q, K) is the quiver with relations associated to P . Then F has a
K-invariant τ -Hermite-Einstein metric, with respect to the Ka¨hler form ω = p∗ωX + q
∗ωY , if
and only if the vector bundles Eλ in R admit hermitian metrics kλ on Eλ for each λ ∈ Q0 with
Eλ 6= 0, satisfying
√−1nλΛFkλ +
∑
a∈h−1(λ)
φa ◦ φ∗a −
∑
a∈t−1(λ)
φ∗a ◦ φa = τ ′λidEλ , (2.9)
where Fkλ is the curvature form of the metric kλ on the holomorphic vector bundle Eλ, for each
λ ∈ Q0 with Eλ 6= 0, and nλ = dimNλ is the multiplicity of the irreducible representation Mλ,
for λ ∈ Q0.
The above real numbers τ ′λ are related to the numbers τλ according to [A-G03a, 4.2.2].
3. Deformation theory
LetM be a compact Ka¨hler manifold, and F a locally free, coherent sheaf onM together with
a filtration F in the sense of (2.3). A holomorphic family of such objects parameterized by a
complex space S is a collection of filtrations {Fs}s∈S, where each filtration Fs is the restriction
of a filtration F over the spaceM×S toM×{s} ≃ M . For M = X×G/P we require that the
group G acts fiberwise in the above sense. A deformation of F is defined over a complex space S
with a distinguished base point s0 ∈ S. It consists of a holomorphic family over S together with
an isomorphism of the given object and the fiber of s0. Since deformation theory only classifies
holomorphic families in a local way with respect to the base, the base spaces may have to be
replaced by neighborhoods of the distinguished base point.
It is known that stable quiver sheaves are simple, i.e., all endomorphisms are constant multiples
of the identity (cf. [A-G03b]).
In principle, the deformation theory of such objects is well understood. However, the quiver
representation is the method of choice for a differential geometric study of the moduli spaces.
It should be mentioned that Section 3.1 and Section 3.2 remain valid for general quiver bundles
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associated to locally finite quivers (not necessarily associated to G/P ). However from Section
3.3 the discussion is restricted to quiver bundles equipped with special metrics.
We will consider holomorphic families of quiver bundles with relations associated to P and
G-equivariant holomorphic vector bundles on X × G/P with associated filtration F . Without
loss of generality, when using methods of deformation theory, the base spaces will by assump-
tion be Stein and contractible, in order to avoid unnecessary complications. Furthermore, for
applications to moduli spaces, the base spaces will also be reduced.
A crucial role will be played by Hermitian metrics that satisfy the equations of vortex type
according to Theorem 2.3. We will call these “quiver vortex equations”.
3.1. Deformations of quiver bundles. The tangent cohomology for the deformation problem
for holomorphic quiver bundles is a certain hypercohomology.
Let R = (E , φ) be holomorphic quiver bundle on X satisfying equations from a set K so that
it carries the structure of a (Q,K)-bundle. We use the following notation. Again, holomorphic
families are well defined. Note that the combinatorial data, in particular the set of equations K
originate from linear representations of quivers, which depend on P ⊂ G and are constant in a
holomorphic family.
We will use the following notation. Again we will deal with quiver bundles satisfying a set
of equations K. We denote by R˜ = (E˜ , φ˜) a holomorphic quiver bundle over X × S, where S
denotes a parameter space, the fibers of a a point s ∈ S i.e. the restrictions to X ×{s} ≃ X will
be denoted by R˜s = (E˜s, φ˜s). Furthermore an isomorphism R ∼→ R˜s0 is being fixed.
3.2. Tangent cohomology for holomorphic quiver bundles. Let
∆ : ⊕λ∈Q′
0
End(Eλ) −→ ⊕a∈Q′
1
Hom(Eta, Eha)
∆(ξ) := [ξ, φ], with [ξ, φ]a :=
1√
nha
ξha ◦ φa − 1√
nta
φa ◦ ξta.
Let ψ = ∆(ξ). By assumption r(φ) = 0 for all equations r from K. It follows immediately that
r(ψ) = 0 so that ∆ is compatible with K.
Let
A1 =
{
ψ = (ψa)a∈Q′
1
;ψa ∈ Hom(Eta, Eha), r(ψ) = 0 for all r ∈ K
}
,
B0 =
{
ξ = (ξλ)λ∈Q′
0
; ξλ ∈ End(Eλ), r(∆(ξλ)) = 0 for all r ∈ K
}
.
Now we define three complexes
A• : 0 −→ 0 −→ A1 −→ 0
B• : 0 −→ B0 −→ 0 −→ 0
C• : 0 −→ B0 ∆−→ A1 −→ 0.
We compute hypercohomologies from 0 → A• → C• → B• → 0 and use Hq(A•) = Hq−1(A1)
and Hq(B•) = Hq(B0). Since ∆ descends to the cohomology, there is an exact sequence
0→ H0(C•)→ H0(B0) ∆−→ H0(A1)→ H1(C•)→ H1(B0) ∆−→ H1(A1)→ H2(C•)→ . . . (3.1)
Proposition 3.1. The hypercohomology of C• is the tangent cohomology for deformations of
holomorphic quiver bundles satisfying the given set of equations K.
(i) The group H0(C•) can be identified with the space of infinitesimal automorphisms of
R = (E , φ).
(ii) The group H1(C•) can be identified with the space of infinitesimal deformations of
R = (E , φ).
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We mention that H2(C•) contains the obstructions.
Proof. We use (3.1) for a direct argument. Given any family of endomorphisms (χλ) ∈ B0, we
use the notation
χ′ = (χ′λ)λ∈Q′0 , where χ
′
λ =
1√
nλ
χλ.
Now the condition ∆(χ) = 0 exactly means that χ′ defines an endomorphism of the holomorphic
quiver bundle, which proves (i).
In order to prove (ii) we are looking at
0→ H0(A1)/Im(H0(B0) ∆−→ H0(A1)) σ−→ H1(C•) τ−→ Ker(H1(B0) ∆−→ H1(A1))→ 0.
The elements of H1(B0) stand for the infinitesimal deformations of the bundles Eλ, namely
equivalence classes of extensions of the sheaves Eλ (considered as independent of each other).
Let (0,OD) be the double point, where OD = C ⊕ ǫC with ǫ2 = 0. Then an extension Eλ of a
sheaf Eλ by itself, possesses a natural OD-algebra structure. We write
Eλ : 0→ ǫEλ → E˜λ → Eλ → 0.
for the extension, where E˜λ is equipped with the OD-algebra structure. With respect to an open
covering {Ui} of the underlying manifold we introduce for all extensions Eλ initializations
Eλ|Ui : 0→ ǫEλ|Ui → Eλ|Ui ⊕ ǫEλ|Ui → Eλ|Ui → 0
with identifications over Uij = Ui ∩ Uj being given by a cocycle (ξ′ij) = (ξ′ij,λ)λ∈Q′0 , ξ′ij,λ ∈
End(Uij , Eλ), which maps Eλ|Uij to ǫEλ|Uij . Let ξij,λ = √nλ ξ′ij,λ.
We also have the homomorphisms φa:
E ta|Ui : 0 // ǫEta|Ui //
ǫφa|Ui

Eta|Ui ⊕ ǫEta|Ui
φa|Ui⊕ǫφa|Ui

// Eta|Ui //
φa|Ui

0
Eha|Ui : 0 // ǫEha|Ui // Eha|Ui ⊕ ǫEha|Ui // Eha|Ui // 0
We assume that (ξij,λ)λ∈Q′
0
represents an element of the kernel of ∆ : H1(B0) → H1(A1),
i.e. ∆(ξij) is a coboundary in A
1 given by a 0-cochain (θi,λ)λ∈Q′
0
in A0. The θ′i,λ = (1/
√
nλ) θi,λ
consist of endomorphisms or Eλ|Ui. These define a change of the trivializations of the Eλ|Ui.
After applying these, we can assume that ∆(ξ) = 0 or equivalently
ξ′ij,ha ◦ (φa|Uij) = (φa|Uij) ◦ ξ′ij,ta
hold.
These imply that the identification maps are compatible with φ. Altogether we have extensions
satisfying
E˜ta φ˜a−→ E˜ha
for all a ∈ Q′1 over the double point that restrict to the given holomorphic quiver bundle, and
we saw that the image of τ consist of all infinitesimal deformations of the sheaves Eλ arising
from deformations of the given quiver.
We are left with showing that the image of σ corresponds to all infinitesimal deformations of
the given quiver that induce trivial deformations of all Eλ.
More generally, we see that given an infinitesimal deformation (E˜λ, φ˜a) the homomorphisms
φ˜a are determined by the deformations E˜λ only unique up to adding homomorphisms of the form
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β ◦χa ◦ ν, with χ ∈ H0(A1). The images under σ are given by χa : Eta → ǫEha in the following
way:
E ta : 0 // ǫEta α //
ǫφa

E˜ta
φ˜a

ν
// Eta //
φa

χa
♥
♥
♥
♥
♥
♥
♥
vv♥♥
♥
♥
♥
♥
♥
0
Eha : 0 // ǫEha
β
// E˜ha µ // Eha // 0
This fact accounts for the image of H0(A1) in H1(C•). The only homomorphisms that act
ineffectively, are those which are induced by isomorphisms of the single extensions Eλ. These
constitute the space ∆(H0(B0)): Let ϕ = (ϕλ)λ∈Q′
0
with ϕ′λ = (1/
√
nλ)ϕλ : Eλ → ǫEλ. Then
∆(ϕ) gives rise to the diagram
E ta : 0 // ǫEta α // E˜ta

ν
// Eta //
ϕ′ta
♥
♥
♥
♥
♥
♥
♥
vv♥♥
♥
♥
♥
♥
0
E ta : 0 // ǫEta α //
ǫφa

E˜ta
φ˜a

ν
// Eta //
φa

0
Eha : 0 // ǫEha
β
// E˜ha µ //

Eha //
ϕ′
ha
♥
♥
♥
♥
♥
♥
vv♥♥
♥
♥
♥
♥
0
Eha : 0 // ǫEha
β
// E˜ha µ // Eha // 0
replacing φ˜a by φ˜a + φ˜a ◦ α ◦ ϕ′ta ◦ ν − β ◦ ϕ′ha ◦ µ ◦ φ˜a. 
3.3. Families of quiver vortex structures, application to deformation theory. In
[A-G03b] the simplicity of stable quiver bundles was shown, a fact that implies the following
statement (cf. [F-S], [B-S09, Theorem 4.3]).
Proposition 3.2. Given a stable holomorphic quiver bundle R = (E , φ) equipped with a quiver
vortex structures, and a deformation over a space (S, s0), then the quiver vortex structure can
be extended to a family of such structures over a neighborhood of s0 in S. The hermitian
quiver vortex metrics depend in a C∞ way upon the parameter, whereas the maps φλ depend
holomorphically upon the parameter s ∈ S.
Given a holomorphic quiver bundle R˜ = (E˜ , φ˜) over X × S, equipped with a quiver vortex
structure, the corresponding hermitian metrics on the holomorphic vector bundles E˜λ will be
denoted by kλ with curvature tensor Rλ over X × S.
Our aim us to introduce an acyclic resolution C• → C••, from which the hypercohomology
can be computed. A Dolbeault complex serves this purpose.
We consider the induced sheaf analogues A1, B0, C• of the corresponding spaces A1, B0, and
C• from Section 3.2, and the related Dolbeault resolutions by differential forms that satisfy the
quiver relations from K. The latter property is indicated by a subscript K.
0→ A1 → A(0,•)((⊕a∈Q′
1
Hom(Eta, Eha))K)
0→ B0 → A(0,•)((⊕λ∈Q′
0
End(Eλ))K)
These fit into a resolution of the complex C• of sheaves. We will compute the hypercohomology
of
C• : 0→ B0 ∆−→ A1 → 0→ 0 . . .
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from the induced double complex of the Dolbeault resolutions.
Lemma 3.1. A resolution C• → C•• is defined by
Cp,q =

A(0,q)((⊕λ∈Q′
0
End(Eλ))K) for p = 0
A(0,q)((⊕a∈Q′
1
Hom(Eta, Eha))K) for p = 1
0 for p 6= 0, 1
with boundary operators ∂ : Cp,q → Cp,q+1 for p = 0, 1, q ≥ 0 and (−1)q∆ : C0,q → C1,q for q ≥ 0.
Proof. The operators ∂ and ∆ commute because the morphisms φa are holomorphic. Further-
more the Dolbeault complexes provide resolutions of both C0 and C1. 
Lemma 3.2. Let C•• = Γ(X, C••). Then the hypercohomology Hq(C•) is equal to the cohomology
Hq(C••) of the double complex. The associated single complex is equal to an elliptic complex
C˜• with
C˜• : 0→ C0,0 d 0−→ C1,0 ⊕ C0,1 d1−→ C1,1 ⊕ C0,2 d2−→ C1,2 ⊕ C0,3 −→ . . . (3.2)
and
d 0
(
(ξλ)λ∈Q′
0
)
=
(
(∆(ξλ))a, (∂ξλ)λ
)
(3.3)
d1
(
(χa)a∈Q′
1
, (ζλ)λ∈A′
0
)
=
(
(∂χa)a − (∆(ζλ))a, (∂(ζλ))λ
)
(3.4)
We will need the following adjoint operators.
Lemma 3.3. The adjoint operators (dq)∗ : C˜q+1 → C˜q, q = 0, 1 for (3.2) are given by
(d 0)∗
(
(ψa)a∈Q′
1
, (ζλ)λ∈Q′
0
)
=
 1√
nλ
 ∑
a∈h−1(λ)
ψaφ
∗
a −
∑
a∈t−1(λ)
φ∗aψa
+ ∂∗(ζλ)

λ∈Q′
0
(d1)∗
(
(χa)a∈Q′
1
, (ξλ)λ∈Q′
0
)
=
(∂∗χa)
a
,
1√
nλ
 ∑
a∈t−1(λ)
φ∗aχa −
∑
a∈h−1(λ)
χaφ
∗
a
+ (∂∗ξλ)
λ
 .
Now we are in a position to compute tangent cohomology. We use the notation from Sec-
tion 3.1. Furthermore (z1, . . . , zn) are local coordinates on the complex Ka¨hler manifold (X,ωX).
We use the semi-colon notation for covariant derivatives. Note that the parameter space carries
a flat structure. At some point we will need local coordinates (z1, . . . , zn) on X, and we will
write
ωX =
√−1gαβ(z)dzα ∧ dzβ .
The volume element will be denoted by g(z)dV .
Remark. For simplicity, we use the letter φa also for homomorphisms φ˜a that depend on the
holomorphic parameter.
Proposition 3.3. Let a deformation of a holomorphic quiver bundle R = (E , φ) be given over
a space (S, s0). Let S ⊂ U ⊂ Ck = {s = (s1, . . . , sk)} be an embedding with embdim(S, s0) = k.
Let
ρs0 : Ts0S → H1(C•)
be the Kodaira-Spencer mapping. Then
µi =
(
−(φ˜a;i)a, (√nλRλiβdzβ)λ
)
∈ C1,0 ⊕ C0,1 (3.5)
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represents ρ(∂/∂si). The tensor µi is harmonic:
d1(µi) = 0 and (d
0)∗(µi) = 0.
The d∗-closedness of µi can be interpreted as infinitesimal quiver vortex condition.
Proof. For hermitian metrics on families of holomorphic vector bundles the curvature component
is known to represent the infinitesimal deformation ([S-T92]). Now
d1(µi) =
(
∂(φa;i)a − (∆(√nλRλiβdzβ))a, ∂(
√
nλR
λ
iβ
dzβ)λ
)
.
The curvature forms are obviously ∂-closed, and the first components of d1(µi) are given by
φa;iβ −Rhaiβ φa + φaRtaiβ = φa;βi = 0.
Next (
(d 0)∗(µi)
)
λ
=
∂∗(√nλRλiβdzβ) + ∑
a∈h−1(λ)
1√
nλ
φa;iφ
∗
a −
∑
a∈t−1(λ)
1√
nλ
φa;iφ
∗
a

λ
.
Taking the derivative with respect to si of the quiver vortex equation (2.9) shows that expression
vanishes. 
3.4. Generalized Weil-Petersson metric for holomorphic quiver bundles. We define
a natural Hermitian structure in the tangent spaces TsS that is compatible with base change
morphisms. We call it L2-metric or (generalized) Weil-Petersson metric. We use the notation
∂i for ∂/∂s
i.
Definition 3.1. A natural Hermitian structure GWP on Ts0S is given by
GWPi := G
WP (∂i, ∂j) := 〈µi, µj〉 :=
∫
X
tr (µiµ
∗
 ) (3.6)
:=
∫
X
∑
a∈Q′
1
tr (φa;iφ
∗
a;)gdV +
∫
X
∑
λ∈Q′
0
nλ tr (g
βαRλ
iβ
Rλα)gdV
We set
ωWP =
√−1GWPi dsi ∧ ds.
4. Fiber integral formula and Ka¨hler property of the L2-metric
The Ka¨hler property for ωWP can be derived from (3.6) using partial integration. In view of
further applications we prove a fiber integral formula for ωWP .
We will use the technique of fiber integration for differentiable forms, which corresponds to
the push-forward of currents. Let n = dimCX. Given a differential form η on X × S of degree
k + 2n, the fiber integral ∫
X
η =
∫
X×S/S
η
is a differential form of degree k. Taking fiber integrals is type preserving, commutes with taking
exterior derivatives d, ∂, and ∂. In particular the fiber integral of a closed form is closed, and
the integral of a form that possesses local ∂∂-potentials possesses local ∂∂-potentials. In our
situation the base space S need not be smooth, however the given (n+1, n+1)-forms on X ×S
will possess local extensions to smooth ambient spaces as ∂∂-exact forms of class C∞ so that
the fiber integral produces a (1, 1)-form on the base, which possesses a ∂∂-potential on a smooth
ambient space.
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We set
ηk =
1
k!
η ∧ . . . ∧ η
for any differential form η. (The notion of c21(E) is not being altered.)
Proposition 4.1. Denote by Ωλ = Rλ
αβ
dzα ∧ dzβ with λ ∈ Q′0 the curvature form of (E˜λ, kλ).
Then
ωWP =
1
2
∑
λ∈Q′
0
(∫
X
nλ tr (Ω
λ ∧ Ωλ) ∧ ωn−1X
)
+
√−1
∑
λ∈Q′
0
(
τ ′λ
∫
X
tr (Ωλ) ∧ ωnX
)
+
∑
a∈Q′
1
√−1∂∂
(∫
X
tr (φaφ
∗
a)ω
n
X
)
,
where τ ′λ are as in (2.9).
Proof.
1
2
∑
λ∈Q′
0
∫
X
nλ tr (Ω
λ ∧ Ωλ) ∧ ωn−1X = −
1
2
∑
λ∈Q′
0
∫
X
nλ tr (
√−1Ωλ ∧ √−1Ωλ)ωn−1X =
√−1
∑
λ∈Q′
0
∫
X
nλ(R
λ
αR
λ
iβ
−Rλ
αβ
Rλi)g
βαgdV
 dsi ∧ ds =
√−1
∑
λ∈Q′
0
∫
X
nλ(R
λ
αR
λ
iβ
)gβαgdV
 dsi ∧ ds +√−1( ∑
λ∈Q′
0
∫
X
( ∑
a∈h−1(λ)
tr (φaφ
∗
aR
λ
i)
−
∑
a∈t−1(λ)
tr (φ∗aφaR
λ
i)
)
gdV −
∑
λ∈Q′
0
τ ′λ
∫
X
tr (Rλi)gdV
)
dsi ∧ ds
Now
tr
(
φaφ
∗
aR
ha
i − φ∗aφaRtai
)
= tr (φ∗a(φa;i − φa;i)) = − tr (φ∗aφa;i) = tr ((φ∗a;φa;i))−( tr (φ∗aφa))i .
This proves the proposition. 
Corollary 4.1. The Weil-Petersson form ωWP possesses locally a Ka¨hler potential. In partic-
ular, ωWP is a Ka¨hler form.
We express the Weil-Petersson form in terms of a fiber integral of Chern character forms.
Proposition 4.2.
1
4π2
ωWP = −
∑
λ∈Q′
0
nλ
∫
X
ch2
(
(Eλ, kλ)
)
∧ ωn−1X (4.1)
+
∑
λ∈Q′
0
τ ′λ
2π
∫
X
c1(Eλ, kλ) ∧ ωnX + ∂∂
√−1
4π2
∑
a∈Q′
1
∫
X
tr (φaφ
∗
a)ω
n
X
 .
Observe that
∑
λ∈Q′
0
ch2
(
(Eλ, kλ)
)
= ch2
(
⊕λ∈Q′
0
(Eλ, kλ)
)
.
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Proof. For a general holomorphic hermitian bundle (E , h)
ch(E , h) =
n∑
k=0
(√−1
2π
)k
tr (Ω(E , h))k (4.2)
holds (in terms of the convention on powers of differential forms). This proves the proposition.

5. Determinant line bundle and Quillen metric
We are given a proper, smooth holomorphic map
f : X → S ,
a Ka¨hler form ωX and a locally free sheaf F on X . The determinant line bundle of F on S is by
definition the Knudsen-Mumford determinant line bundle λ = detRf∗F . Note that according
to Grauert’s theorem, locally with respect to the base, the direct image Rf∗F , as an element of
the derived category can be represented by a bounded complex L• of locally free sheaves on S
so that for the usual direct image sheaves Rqf∗F = Hq(L•) holds. The determinant line bundle
λ(F) can be computed as determinant line bundle of the complex L•. Bismut, Gillet, and Soule´
identified it with a holomorphic line bundle, for which they constructed a Quillen metric hQ and
proved a generalized Riemann-Roch theorem in the category of hermitian vector bundles, for
dimX = 1 see also the theorem of Zograf and Takhtadzhyan [Z-T87].
Theorem 5.1 (Bismut-Gillet-Soule´ [B-G-S88, Theorem 0.1]). The Chern form of the determi-
nant line bundle is equal to the fiber integral
c1(λ, h
Q) =
(∫
X/S
ch(F , h)td(X/S, ωX )
)
(1,1)
, (5.1)
where ch(F , h) and td(X/S, ωX ) denote respectively the Chern character form for (F , h) and the
Todd character form for the relative tangent bundle.
In this section, we apply the results to the case, where X is a Ka¨hler manifold whose Ka¨hler
form ωX is the Chern form c1(L, hL) of a positive hermitian line bundle (L, hL). The base of
a holomorphic family S will be provided with a flat Ka¨hler form (which is immaterial for our
arguments) inducing a Ka¨hler structure on X × S. The relative Ka¨hler form is ωX/S.
5.1. Virtual bundles and Chern character forms. Given any hermitian holomorphic vector
bundle (E , h) of rank r on Z = X × S, we introduce the virtual hermitian bundle (i.e. element
of the Grothendieck group)
(End(E)−O⊕r2Z )⊗ (L −OZ)⊗(n−1).
The (virtual) rank is zero, and the first Chern class vanishes. We identify ωX×S/S with the
pullback q∗ωX , where q : X × S → X is the projection, and simply write ωX . Furthermore the
trivial bundles carry a flat metric.
Lemma 5.1. We have the following identities for Chern character forms, where we only note
the lowest degree terms.
ch
(
(End(E)−O⊕r2X×S)⊗ (L −OX×S)⊗(n−1)
)
=
(
2r ch2(E)− c21(E)
) ∧ ωn−1X + . . .
and
ch
(
(Λr(E)−OX×S)⊗2 ⊗ (L −OX×S)⊗(n−1)
)
= c21(E) ∧ ωn−1X + . . .
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The base spaces S are again subject to the above conditions from Section 3.
Definition 5.1. Given a holomorphic vector bundle E on X × S, choose x0 ∈ X, and denote
by m : X × S → {x0} × S the canonical projection defined by (x, s) 7→ (x0, s). Define the pulled
back bundle E0 := m∗(E|{x0} × S) on X × S, and equip this bundle with the trivial hermitian
metric.
Lemma 5.2. For the lowest degree forms we have:
ch
(
(Λr(E)⊗ Λr(E0)−1 −OX×S)⊗ (L −OX×S)⊗n
)
= c1(E) ∧ ωnX + . . . (5.2)
ch
(
(Λr(E)⊗ Λr(E0)−1 −OX×S)⊗2 ⊗ (L −OX×S)⊗(n−1)
)
= c21(E) ∧ ωn−1X + . . . (5.3)
We apply the above notions to a holomorphic family quiver bundlesR = (E , φ) equipped with
quiver vortex structures in an analogous way.
Proposition 5.1. Let ωX = c1(L, hL). Then the generalized Weil-Petersson form satisfies the
following equation.
1
4π2
ωWP =
(∫
X
( ∑
λ∈Q′
0
(
− nλ
2rλ
ch
(
(End(Eλ)−O⊕r
2
λ
X×S)⊗ (L −OX×S)⊗(n−1)
)
(5.4)
− nλ
2rλ
ch
(
(Λrλ(Eλ)⊗ Λrλ(E0λ)−1 −OX×S)⊗2 ⊗ (L −OX×S)⊗(n−1)
)
+
τ ′λ
2π
ch
(
(Λrλ(Eλ)⊗ Λrλ(E0λ)−1 −OX×S)⊗ (L −OX×S)⊗n
) ))
td(X × S/S)
)
(1,1)
+
√−1
2π
∂∂
(
1
2π
∫
X
∑
a∈Q′
1
tr (φaφ
∗
a) ∧ ωnX
)
Proof. In all Chern character forms the lowest possible degree is (n + 1, n + 1) so that for the
evaluation of the fiber integral only the constant 1 of the Todd character form contributes. The
rest follows from Lemma 5.1. 
5.2. Determinant line bundles. We introduce the following determinant line bundles,
δ′λ = detRq∗
(
(End(Eλ)−O⊕r2X×S)⊗ (L −OX×S)⊗(n−1)
)
(5.5)
δ′′λ = detRq∗
(
(Λrλ(Eλ)⊗ Λrλ(E0λ)−1 −OX×S)⊗ (L −OX×S)⊗n
)
(5.6)
δ′′′λ = detRq∗
(
(Λrλ(Eλ)⊗ Λrλ(E0λ)−1 −OX×S)⊗2 ⊗ (L −OX×S)⊗(n−1)
)
(5.7)
These will be equipped with the corresponding Quillen metrics h′λ, h
′′
λ, and h
′′′
λ respectively.
Furthermore we set
χ =
1
2π
∫
X
∑
a∈Q′
1
tr (φaφ
∗
a) ∧ ωnX (5.8)
and the trivial bundle OS will be equipped with the hermitian metric e−χ.
The theorem of Bismut, Gillet, and Soule´ together with Proposition 5.1 will imply the main
result of this section.
Theorem 5.2. Let a family of stable quiver bundles R˜ = (E˜ , φ˜), parameterized by a base space
S, be given such that the numbers τ ′λ/2π in (2.9) are rational. Then there exists a hermitian
line bundle (δ, hQδ ), whose curvature form is equal to a integer multiple of the Weil-Petersson
form. The construction is functorial, i.e. compatible with base change, and (δ, hQδ ) descends to
the moduli space.
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Proof. Since we take a deformation theoretic viewpoint we need the construction of the moduli
space from base spaces S. By assumption all quiver bundles are stable, in particular simple.
The automorphism group C∗ acts on the fibers, namely by multiplication on all Eλs and on
the holomorphic maps φa. This action leaves the bundles End(Eλs) and Λrλ(Eλ) ⊗ Λrλ(E0λ)−1
invariant. Hence the determinant line bundles δ′λ, δ
′′
λ, and δ
′′′
λ can be patched together and
descend to the moduli space. In view of the quiver vortex equation, we are left with an action
of S1 so that the hermitian metric e
−χ on the trivial line bundle descends to the moduli space
as well. 
6. Curvature of the L2-metric
For a holomorphic family of stable quiver bundles together with solutions of the quiver vortex
equation the harmonic representatives µi of classes in the hypercohomology H
1(C•) were given
in (3.5). At this point we assume that the base space is smooth (even though some of the
statements below can be given a more general meaning).
So far, we identified tangent vectors ∂/∂si of the base of a universal family of holomorphic
quiver bundles with harmonic generalized Kodaira-Spencer forms µi. The L
2 inner product was
shown to define a natural Ka¨hler structure. Our aim is to compute the curvature and arrive at
a result only in terms of harmonic Kodaira-Spencer forms.
6.1. Identities for generalized harmonic Kodaira-Spencer tensors. We will need two
kinds of Laplace operators on the space C0,0 of differentiable sections of ⊕λ∈Q′
0
End(Eλ). We set

0 = (d0)∗d0
in the sense of Lemma 3.2 and Lemma 3.3. The usual Laplace operator on this space will be
denoted by
 = ∂
∗
∂.
Lemma 6.1. Consider the horizontal components (Rλi)λ∈Q′0 of the curvature. Then
µi; = d
0
(
(
√
nλR
λ
i)λ∈Q′
0
)
(6.1)
Proof.
d 0
(
(
√
nλR
λ
i)λ∈Q′
0
)
=
(
(Rhai φa − φaRtai )a∈Q′
1
, (
√
nλ∂R
λ
i)λ∈Q′
0
)
=(
(φa;i − φa;i)a, (√nλRλi;βdzβ)λ
)
=
(
(−φa;i)a, (√nλRλiβ;)λ)
)
= µi;

Corollary 6.1. The following identity holds:
(d 0)∗(µi;) = 
0
(
(
√
nλR
λ
i)λ
)
. (6.2)
For non-conjugate indices the definition implies the following symmetry.
Lemma 6.2.
µi;k = µk;i
We will need the following identity.
Lemma 6.3.
(d 0)∗(µi;k) = 0 .
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Proof.
(d 0)∗(µi;k) =
 1√
nλ
− ∑
a∈h−1(λ)
φa;iφ
∗
a +
∑
a∈t−1(λ)
φ∗aφa;i
+√nλ∂∗(Rλiβdzβ)

λ∈Q′
0
=
 1√
nλ
− ∑
a∈h−1(λ)
(φaφ
∗
a);i +
∑
a∈t−1(λ)
(φ∗aφa);i − nλ(gβαRλαβ);i

λ∈Q′
0
= 0
by the above definitions and (2.9). 
Definition 6.1. A symmetric exterior product [ ∧ ] : C˜1 × C˜1 −→ C˜2 is defined by[
(χa, ξλ)a,λ ∧ (ψa, ζλ)a,λ
]
=
(
1√
nha
(ξha ◦ ψa + ζha ◦ χa)− 1√
nta
(ψa ◦ ξta + χa ◦ ζta) , 1√
nλ
[ξλ ∧ ζλ]
)
a,λ
,
where the second component of the product is given by the Lie product on the bundles End(Eλ)
together with the wedge product of alternating forms.
Lemma 6.4.
d1(µi;k) + [µi ∧ µk] = 0
Proof.
d1(µi;k) = d
1(−φa:ik,√nλRλiβ;kdzβ)a,λ
=
(
(−φa;ikβdzβ −Rhaiβ;kφa + φaRtaiβ;k)dzβ ,
√
nλR
λ
iβ;kδ
dzδ ∧ dzβ)
a,λ
=
(
(−φa;iβk +Rhakβφa;i − φa;iRtakβ −Rhaiβ;kφa + φaRtaiβ;k)dzβ ,
√
nλ(R
λ
iβ;δk
− [Rλ
kδ
, Rλ
iβ
])dzδ ∧ dzβ)
a,λ
=
((− (φa;βi −Rhaiβ φa + φaRtaiβ);k +Rhakβφa;iφa;iRtakβ −Rhaiβ;kφa + φaRtaiβ;k)dzβ,
√
nλ([R
λ
kδ
, Rλ
iβ
])dzδ ∧ dzβ
)
a,λ
=
(
(Rha
iβ
φa;k − φa;kRtaiβ +Rhakβφa;i − φa;iRtakβ)dzβ ,−
√
nλ([R
λ
kδ
, Rλ
iβ
])dzδ ∧ dzβ
)
a,λ
= −[µi ∧ µk].

Lemma 6.5. For any section (ξλ)λ in C
0,0

0(ξλ) =
( ∑
a∈t−1(λ)
( 1
nλ
φ∗aφaξλ −
1√
nλnh(a)
φ∗aξh(a)φa
)
+
∑
a∈h−1(λ)
( 1
nλ
ξλφaφ
∗
a −
1√
nλnt(a)
φaξt(a)φ
∗
a
)
+(ξλ)
)
λ
holds.
The lemma follows immediately from the definition of d 0 and (d 0)∗.
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Lemma 6.6.

0(
√
nλR
λ
i) =
(
−√nλgβα
[
Rλα, R
λ
iβ
]
+
1√
nλ
( ∑
a∈h−1(λ)
φa;iφ
∗
a; −
∑
a∈t−1(λ)
φ∗a;φa;i
))
λ
Proof. We set ξλ =
√
nλR
λ
i in Lemma 6.5.
(
√
nλR
λ
i) =
(
1√
nλ
∑
a∈t−1(λ)
(
φ∗aφaR
λ
i − φ∗aRh(a)i φa
)
+
1√
nλ
∑
a∈h−1(λ)
(
Rλiφaφ
∗
a − φaRt(a)i φ∗a
)
−√nλgβαRλi;βαgβα
)
λ
.
From (2.9) we get(− nλgβαRλi;βα)λ = ( ∑
a∈h−1(λ)
(
φa;iφ
∗
a; −Rλiφaφ∗a + φaRt(a)i φ∗a
)
+
∑
a∈t−1(λ)
(− φ∗a;φa;i + φ∗aRh(a)i φa − φ∗aφaRλi))
λ
which yields the lemma. 
Definition 6.2. A hermitian form ( ∨ ) : C˜1 × C˜1 → C˜0 is defined by(
(ψa, ξλ,βdz
β) ∨ (χa, ηλ,αdzα)∗
)
λ
=
( ∑
a∈h−1(λ)
ψaχ
∗
a −
∑
a∈t−1(λ)
χ∗aψa − gβα[ξλ,β, η∗λ,α]
)
λ
Now the statement of Lemma 6.6 has the following form:
Lemma 6.7.
(d 0)∗d 0
(
(nλR
λ
i)λ
)
= (µi ∨ µ).
6.2. Weil-Petersson metric – connection form. The metric tensor was given in (3.6). We
will use the notation |k for derivatives ∂k = ∂/∂sk with respect to coordinates on the base.
Proposition 6.1.
∂kG
WP
i =
∫
X
tr (µi;kµ
∗
 )g dV . (6.3)
Proof. The integral ∫
X
tr (µiµ
∗
;k)gdV
is the L2 product of µi and d
0(
√
nλR
λ
jk
) by (6.1). The harmonicity of µi, i.e. (d
0)∗(µi) = 0,
according to Proposition 3.3 implies that
∫
X tr (µiµ
∗
;k)gdV vanishes. 
At a given point s0 ∈ S we introduce holomorphic normal coordinates of the second kind,
which means that the Ka¨hler form coincides with the standard unitary one in terms of the
coordinate chart, up to order two at s0, or equivalently, the partial derivatives of the local
expression of the Hermitian metric vanish at s0. Proposition 6.1 implies that this condition is
equivalent to the condition that the harmonic projections of all µi;k vanish (at s0):
H(µi;k(s0)) = 0 for all i and k.
We denote by G the (abstract) Green’s operator on various levels for C˜•.
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Lemma 6.8. At s = s0 we have
µi;k = −(d1)∗G([µi ∧ µk]). (6.4)
Proof.
µi;k = G
(
(d1)∗d1 + d0(d 0)∗
)
(µi;k)
Now Lemma 6.3 and Lemma 6.4 together imply the lemma. 
6.3. Computation of the curvature. In terms of normal coordinates the curvature tensor is
given by
−RWP
ikℓ
= GWP
i|kℓ
=
∫
X
tr (µi;kℓ · µ∗ ) g dV +
∫
X
tr (µi;k · µ∗;ℓ) g dV.
The second integral can be computed using Lemma 6.8. It equals∫
X
tr
(
G([µi ∧ µk]) · [µ∗ ∧ µ∗ℓ ]
)
g dV.
We compute the first integral. We will need
µi;kℓ =
(− φa;ikℓ,√nλRλiβ;kℓ)a,λ,
and the following simple consequences of the Ricci identities.
− φa;ikℓ = Rh(a)iℓ;k φa − φaR
t(a)
iℓ;k
+R
h(a)
iℓ
φa;k − φa;kRt(a)iℓ +R
h(a)
kℓ
φa;i − φa;iRt(a)kℓ (6.5)
Rλ
iβ;kℓ
= Rλ
iℓ;kβ
+ [Rλ
kβ
, Rλ
iℓ
] + [Rλ
iβ
, Rλ
kℓ
] (6.6)
Next the quiver vortex equation (and partial integration) imply
nλ
∫
X
tr
(
Rλ
iℓ;kβ
Rλαg
βα
)
g dV =
∫
X
tr
(
Rλ
iℓ;k
( ∑
a∈h−1(λ)
φaφ
∗
a; −
∑
a∈t−1(λ)
φ∗a;φa
))
g dV (6.7)
Proposition 6.2. Given a universal family of stable holomorphic quiver bundles, the curvature
tensor of the generalized Weil-Petersson metric equals
RWP
ikℓ
= −
∫
X
tr
(
G([µi ∧ µk])[µ∗ ∧ µ∗ℓ ]
)
g dV
+
∫
X
∑
λ∈Q′
0
nλ tr
(
(d 0)∗d 0(Rλi)R
λ
kℓ
)
g dV (6.8)
+
∫
X
∑
λ∈Q′
0
nλ tr
(
(d 0)∗d 0(Rλk)R
λ
iℓ
)
g dV
Proof. We use the following (local) short-hand notation:
[ξλ, χa] := ξ
h(a)χa − χaξt(a).
Now, again by the holomorphicity of φa, and the Ricci identities, we get
tr (φa;ikℓφ
∗
a;) = − tr
(
[Rλ
iℓ;k
, φa] +R
λ
iℓ
[φa;k, φ
∗
a;] +R
λ
kℓ
[φa;i, φ
∗
a;]
)
The contribution of the second components is
nλ tr
(
gβαRλ
iβ;kℓ
Rλα
)
= nλ tr
(
gβα
(
Rλ
iℓ;kβ
+ [Rλ
kβ
, Rλ
iℓ
] + [Rλ
iβ
, Rλ
kℓ
]
)
Rλα
)
= nλ tr
(
gβα
(
Rλ
iℓ;kβ
+ [Rλα, R
λ
kβ
]Rλ
iℓ
+ [Rλα, R
λ
iβ
]Rλ
kℓ
)
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We modify the first term by adding a term of divergence type and use (2.9). We obtain
nλ tr
(
gβα
(−Rλ
iℓ;k
Rλ
α;β
+ [Rλα, R
λ
kβ
]Rλ
iℓ
+ [Rλα, R
λ
iβ
]Rλ
kℓ
)
= tr
(−Rλ
iℓ;k
[φa, φ
∗
a;]
)
+ nλ tr
(
[Rλα, R
λ
kβ
]Rλ
iℓ
+ [Rλα, R
λ
iβ
]Rλ
kℓ
)
These two equations imply∫
X
tr
( ∑
a∈Q′
1
φa;ikℓφ
∗
a; +
∑
λ∈′
0
gβαRλ
iβ;kℓ
Rλα
)
g dV =
∫
X
tr
(
−
∑
a∈Q′
1
(
Rλ
iℓ
[φa;k, φ
∗
a;] +R
λ
kℓ
[φa;i, φ
∗
a;]
)
+
∑
λ∈′
0
gβαRλ
iβ;kℓ
Rλα
)
g dV+
nλ
∫
X
∑
a∈Q′
1
tr
(
Rλ
iℓ
[φa;k, φ
∗
a;] +R
λ
kℓ
[φa;i, φ
∗
a;]
)
g dV.
Finally Lemma 6.6 implies the proposition. 
We denote the Green’s operator on the spaces C˜k by the letter G. As above we assume that
the base of a universal local family is smooth. Note that in the following formula the quantity
µi ∧ µj need not vanish in dimension one – only the contribution from the second component
does, and it is necessary to assume that the first component vanishes, in order to get positive
curvature for dimX = 1.
Theorem 6.1. The curvature of the generalized Weil-Petersson metric equals
RWP
ikℓ
= −
∫
X
(
G([µi ∧ µk]) · [µ∗ ∧ µ∗ℓ ]
)
g dV
+
∫
X
(
G([µi ∨ µ]) · [µ∗k ∨ µ∗ℓ ]
)
g dV
+
∫
X
(
G([µk ∨ µ]) · [µ∗i ∨ µ∗ℓ ]
)
g dV
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